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Model for Oxygen Use Within the Colony
As described in the main text, our model is based on the com-
bination of Monod kinetics and the Pirt model, which is a com-
mon approach in bioﬁlm modeling (1–11). Here we provide more
details for the foundation of these two perspectives and their
combination into the model.
For organisms living in a continuous culture, it has been dem-
onstrated that many species exhibit a linear relationship between
their total metabolism and growth rate (12–15). The classic Pirt
model (12) describes this relationship in terms of a metabolic
partitioning between maintenance and growth:
Q=
μ
YO2
+PO2 ; [S1]
where Q is a consumption rate per unit mass of a limiting re-
source that provides energy and/or structural material to the
population of cells (mol resource·s−1·g cells−1), μ is the speciﬁc
growth rate (s−1), Y is a yield coefﬁcient (g cells·mol resource−1),
and PO2 is a maintenance term (mol resource·s
−1·g cells−1).
Maintenance metabolism is deﬁned as the consumption rate at
zero growth, or the minimal requirement for survival.
The metabolic activity of a respiring population depends on the
availability of an electron acceptor, such as oxygen. We add this
process to Eq. S1 by considering the dependence of growth rate
on the local oxygen concentration. For Pseudomonas aeruginosa
and many other species, growth saturates at increasing concen-
trations of many potentially limiting substrates, including oxygen
(e.g., ref. 16). This sensitivity often is described using Monod
kinetics (17):
μ= μmax
½O2
kO2 + ½O2
; [S2]
where μmax is the maximum growth rate approached as the sub-
strate is taken to inﬁnity and kO2 is the half-saturation constant.
Substituting Eq. S2 into Eq. S1 gives oxygen consumption as
a saturating function of available oxygen:
Q=
μmax
YO2
½O2
kO2 + ½O2
+PO2 : [S3]
As discussed in the main text, this consumption rate of oxygen,
which depends on local oxygen availability, creates gradients in
oxygen concentration that drive diffusion. Combining these con-
cepts, the time-dependent spatial concentration of oxygen may
be described by
∂½O2
∂t
=D∇2½O2−

μmax
YO2
½O2
kO2 + ½O2
+PO2

a; [S4]
where a is the density of cells in the colony (g cells·m−3). Steady
state occurs when the consumption of oxygen, which depends on
the local oxygen concentration via the Monod equation, balances
the diffusive supply of oxygen, which is driven by gradients pro-
duced by biological consumption. It also should be noted that at
zero oxygen concentration, the cells either die or become dor-
mant; thus, we take the maintenance term PO2 to be zero in the
absence of oxygen. The nondimensionalization of Eq. S4 then is
given by
∂½O2*
∂t*
=∇2½O2* −
 
½O2*
1+ ½O2* + g
!
; [S5]
where, again, the temporal and spatial scales, respectively, have
been normalized by the factors
tfac =
aμmax
kO2YO2
; xfac =

aμmax
kO2YO2D
1=2
; [S6]
oxygen concentrations have been divided by kO2 , and the non-
dimensional maintenance term is g=YO2PO2=μmax.
Model for Dual Use of Oxygen and Phenazines as Oxidants
Above and in the main text we provide a model for the metabolic
response to, and the consumption of, oxygen along with its
physical diffusion into and within the colony. This model, how-
ever, is appropriate only for the phenazine-null mutant (Δphz),
for which oxygen is the only available electron acceptor. The
wild-type strain produces phenazines, which are redox active.
For P. aeruginosa, oxidized phenazines have been shown to act as
electron acceptors (18–20). When reduced phenazines are ex-
posed to an oxidizing agent, they are thought to act as “shuttles”
for electrons; that is, phenazines freely diffuse between cells,
where they are reduced, and a distant electron acceptor, where
they again are oxidized. Long-term anaerobic survival has been
demonstrated for P. aeruginosa cells incubated in suspension
with phenazines provided as the sole electron acceptor and an
electrode poised at a potential that oxidizes the phenazines for
repeated use by the cells (18). It also has been shown that the
production of phenazines may help restore redox balance and
reduce oxygen consumption rates as oxygen levels decrease (see
Fig. 4C of ref. 19). Taking all these observations into consider-
ation, we can model the oxygen consumption and reduction of
phenazines as part of the redox demands of the colony in the
following manner: (i) Oxygen freely diffuses into and within the
colony and (ii) has two sinks: direct consumption by cells within
the colony and oxidation of reduced phenazines. (iii) Phenazines
freely diffuse within the colony in two forms, reduced and oxi-
dized. (This is a simpliﬁcation but captures the dominant ﬁrst-
order effects.) (iv) Phenazines are oxidized by oxygen according
to the representative reaction
½Phzr+ 2½O2→ ½Phzo+ 2

O−2

: [S7]
Regarding the order of kinetics for this reaction, it has been
shown using pseudo-order kinetics that the exponent for phena-
zines should be linear (21). However, the exponent for oxygen has
not, to our knowledge, been calculated, and here we leave the
exponent for oxygen as a free parameter to be determined later
using measurements of the colony system. Thus, we assume that
oxidized phenazines are produced at a rate of kR[Phzr][O2]
α. (v)
Phenazines are reduced by cells at a constant rate. This assump-
tion follows from the observation that cells can survive but not
grow on phenazines (18, 19), and within the Pirt framework (al-
ready used for oxygen consumption in Eqs. 1–3 of the main text),
this is equivalent to assuming that phenazines have zero yield but
can meet the minimal maintenance requirement, and thus
Qphz =Pphz: [S8]
(vi) We assume that cells commit to using either oxygen or
phenazines, but not both simultaneously, as an electron acceptor
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because it may be costly to switch between metabolic pathways.
In addition, we assume that cells have a strong preference for
oxygen directly as an electron acceptor and will use oxygen unless
levels are below a critical value of availability. (vi) We assume that
the phenazine concentration within the colony is constant and that
any loss terms (e.g., diffusion into and binding to the agar) are
balanced by production terms (e.g., secretion by the cells). Our
simulations concern the steady-state concentrations for a snapshot
of the colony. On such a timescale, this balance is justiﬁed, as any
production or loss dynamics would be negligible.
These processes are summarized by the following system of
equations:
If [O2] ≥ s, then
∂½O2
∂t
=DO2∇
2½O2−

μmax
YO2
½O2
kO2 + ½O2
+PO2

a− 2kR½Phzr½O2α
[S9]
∂½Phzo
∂t
=Dphz∇2½Phzo+ kR½Phzr½O2α [S10]
∂½Phzr
∂t
=Dphz∇2½Phzr− kR½Phzr½O2α; [S11]
if [O2] < s, then
∂½O2
∂t
=DO2∇
2½O2− 2kR½Phzr½O2α [S12]
∂½Phzo
∂t
=Dphz∇2½Phzo− aPphz + kR½Phzr½O2α [S13]
∂½Phzr
∂t
=Dphz∇2½Phzr+ aPphz − kR½Phzr½O2α; [S14]
where s is the minimum concentration of oxygen that can sup-
port cells; [Phzo] and [Phzr] are the concentrations of oxidized
and reduced phenazines, respectively; kR is the reaction rate
coefﬁcient for phenazine oxidation by oxygen; D again denotes
the diffusivity of either oxygen or phenazines within the colony;
Y and P again represent the yield coefﬁcient and maintenance
metabolism for growth on either phenazines or oxygen; and kO2
and kphz are the half-saturation constants for growth on oxygen
and phenazines, respectively.
These equations can be nondimensionalized as:
if [O2] ≥ s, then
∂½O2p
∂t p
=∇*2½O2p −
 ½O2p
1+ ½O2p
+ g1

− 2R1½Phzr p ½O2*α
[S15]
∂½Phzop
∂t p
=D1∇*
2½Phzop +R1½Phzrp ½O2*α [S16]
∂½Phzrp
∂t p
=D1∇*
2½Phzrp −R1½Phzrp ½O2*α; [S17]
if [O2]* < s*, then
∂½O2p
∂t p
=∇*2½O2p − 2R1½Phzrp ½O2*α [S18]
∂½Phzop
∂tp
=D1∇*
2½Phzop − g2 +R1½Phzrp ½O2*α [S19]
∂½Phzrp
∂tp
=D1∇*
2½Phzrp + g2 −R1½Phzrp ½O2*α; [S20]
where we have nondimensionalized time, spatial scales, and con-
centrations as
t* ≡ tfact [S21]
fx * ; y * ; z * g≡ xfacfx; y; zg [S22]
½O2p ≡ ½O2=kO2 [S23]
s*≡ s=kO2 [S24]
½Phzop ≡ ½Phzo=kO2 [S25]
½Phzrp ≡ ½Phzr=kO2 [S26]
with
tfac ≡
aμmax
kO2YO2
[S27]
xfac ≡

aμmax
kO2YO2DO2
1=2
=

tfac
DO2
1=2
[S28]
g1≡
YO2PO2
μmax
[S29]
g2 ≡
YO2Pphz
μmax
[S30]
D1 ≡
Dphz
DO2
[S31]
R1 ≡
kRkα+1O2 YO2
aμmax
: [S32]
Parameter Values of the Mathematical Models
Many of the key parameters from our model for oxygen con-
sumption and/or phenazine reduction can be estimated from
earlier studies (19, 21).
Using the data from ﬁgure 4A of ref. 19, we calculate growth
rate as a function of oxygen concentration and determine the
Monod kinetics for oxygen-limited growth. We calculate the
speciﬁc growth rate according to μ = d ln(OD)/dt, and we convert
oxygen percentages to concentration by multiplying by the sat-
uration concentration of oxygen in water. We ﬁnd that the
maximum growth rate is μmax = 2.27 × 10−4 (divisions s−1) and
that the half-saturation constant is kO2 = 0:0124 (mol O2·m
−3).
Using ﬁgure 2 of ref. 19, which provides a time series for both
optical density and phenazine reduction rates by cells in liquid
culture, we calculate the maintenance coefﬁcient for survival on
phenazines. We used the reduction rates to calculate Qphz, the
phenazine consumption rate per gram of cell (mol Phzo·g
−1·s−1),
by noting that the sample volume is 1 mL and using the con-
versions found below. Under our assumptions for phenazine
consumption, this is equivalent to the maintenance coefﬁcient.
We make these calculations for the data at 27 h, as this corre-
sponds to the maximum phenazine reduction rate reached after
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the culture has entered stationary phase. We estimate that Pphz =
5.03 × 10−7 (mol Phzo·g cells
−1·s−1), which is roughly four times
larger than the value for O2.
The oxidizing reaction rate of reduced phenazines and oxygen
may be calculated using the data in ref. 21 and solving for kR = Ro/
([Phzr][O2]
α), where Ro is the observed oxidation rate. We have that
for 0.005 (mol·m−3) of phenazines and roughly 0.022 (mol·m−3)
of oxygen (2% oxygen) that the reaction rate for pyocyanin is
1.75 × 10−5 (mol·m−3·s−1), and thus kR = 1.75 × 10
−5/(0.005 ×
0.22α) (mol−2·m−3·s−1).
The critical value for O2 consumption, s, can be estimated from
ﬁgure 4C of ref. 19. It is observed that as oxygen levels are drawn
down, there is a sudden increase in the production of phena-
zines. Following the increase in phenazine production, oxygen
levels are observed to rise in the culture, indicating that oxygen
consumption has been reduced and that some of the cells have
started using phenazines rather than oxygen. These transitions
occur for a concentration s ∼ 0.0087 (mol O2·m−3), which may be
interpreted as the critical oxygen concentration determining
whether wild-type cells are using oxygen or phenazines. It should
be noted that in ref. 19, our estimate for s also corresponds to the
maximum redox imbalance (as measured by the ratio of NADH
and NAD+ values), and after phenazine production increases,
this redox imbalance decreases. These observations agree with
the perspective that s is the critical concentration at which cells
respond by producing phenazines and switching between elec-
tron acceptors.
Finally, the total pool of phenazines within the colony is es-
timated from ﬁgure 4C of ref. 19. We use the maximum con-
centration of pyocyanin, 0.27 (mol·m−3), as the concentration in
the colony bioﬁlm. It is possible that this value should be scaled
by differences in density of cells in the liquid culture compared
with the colony, but we ﬁnd that measurements of pyocyanin
concentration in the bioﬁlm and agar are comparable to the
concentration in liquid culture. We take D1 = .3, which agrees
with empirical observations.
Many parameters of our model, such as the maximum growth
rate μmax, often are measured in the literature. Thus, for
comparison with our calculated values, we searched the liter-
ature for reasonable ranges of these parameters as summarized
in Table S1. When we nondimensionalize the mathematical
model, all these parameters are summarized by three normal-
ization factors and one dimensionless parameter: xfac, tfac, kO2 ,
g1, g2, D1, and R1. Each of these terms is determined by
a combination of the underlying parameters. To obtain a best
estimate for each factor, we ﬁrst calculated each factor from
every combination of measured parameter values (Table S1),
then found the mean of all of the combinations. Doing this, we
ﬁnd that the mean value of xfac is 76,542.9 s
−1. The mean es-
timate for g is 0.012. Note that tfac is not critical to the analysis
in which we examine steady states, but it may be found easily
from the parameters presented here.
Converting Between Optical Density and Mass Units
In ref. 27, the conversion between OD and cfu per cubic meter is
given by
cfu=m3 =

2:0× 1014

OD+ 4:0× 1012: [S33]
Similarly, taking the average of the reviewed literature in ref. 27,
the mass per number of cells is 2.14 ± 3.9 × 10−12 (g per cell),
which implies that the conversion between OD and grams per
cubic meter is given by
g=m3 = 428:3 OD+ 8:6: [S34]
Modeling Approach
To determine the spatial distribution of oxygen in the Δphz
colony, we numerically solved Eq. 3 from the main text for 2D
wrinkles (one vertical dimension and one horizontal dimension).
We held the colony surface to a constant value of atmospheric
oxygen concentration and used circular horizontal boundary
conditions to represent the repeating pattern of wrinkles that
emanate outward from the center of the colony. We used an
explicit second-order Runge–Kutta ﬁnite difference method for
the numerical solutions.
For the geometry of bioﬁlm features, we use a “Gaussian” shape
with an elliptical tip, in which we adjust the width of the base to
match cross-sections of the colony wrinkles given the observed
height of these wrinkles. We found that various mathematical
forms that approximate the shape of the wrinkles do not alter our
results signiﬁcantly.
Steady-state solutions for the proﬁles of oxygen and phenazines
in the wild-type colonies are solved by using Eqs. S17–S24, using
the same numerical techniques described above. It should be
noted that each model may be used within either a 1D or 2D
context. For example, the Δphz model is used in a 1D context to
solve for the ideal base thickness, whereas the optimal wrinkle
width is found using the full 2D geometry of the wrinkle, as
described above and in the next section.
Geometric Effects on Oxygen Availability and Colony
Growth
Our model can capture the decrease in oxygen availability with
increasing depth into the colony, and we ﬁnd that this decay rate is
controlled largely by local geometry. For example, the wrinkles
have a much deeper penetration depth of oxygen resulting from
increased local surface area per unit of cellular mass. As discussed
in the main text, we have observed that wrinkles reach a constant
width while growing taller and that this width is sensitive to the
availability of oxygen (and the presence or absence of phena-
zines). To interpret this phenomenon, and the signiﬁcance of
geometry, we simulate the steady-state distribution of oxygen
availability within a wrinkle and the surrounding base for various
geometries of the wrinkle (Fig. S3A). From the distribution of
oxygen availability within the colony, we also can calculate the
spatial distribution of growth rates (Fig. S3B). It is from these
results that we calculate the total growth rate of the colony as
a function of wrinkle width and ﬁnd that there is a wrinkle width
that optimizes colony growth per mass investment.
Model Calibration and Metabolic Observations
In the main text, we used measured proﬁles of the oxygen con-
centration as a function of depth into the colony to verify our
model and compare parameter values to our estimate from the
literature. Fig. S1 provides all the measured proﬁles for both the
base and wrinkle regions of Δphz grown in 21% external oxygen.
These data also were used for analysis in ref. 20. Similarly, Fig.
S2 shows all the wild-type oxygen proﬁles for the base grown in
40% oxygen.
Ref. 20 provides measurements for constitutively expressed
YFP in the base regions of wild type and the Δphz mutant. The
YFP signal can be interpreted as a proxy for some aspect of
overall metabolic activity (protein expression). In the Δphz mu-
tant oxygen availability, base thickness, and the expression of
YFP coincide. In contrast, a wild-type base is signiﬁcantly thicker
than the distance oxygen can penetrate into the colony, creating
an oxic and apparent anoxic zone. Interestingly, YFP expression
extends into the anoxic zone (YFP expressed in the anoxic zone
matures and ﬂuoresces after the thin section is exposed to oxy-
gen, post ﬁxation). We ﬁnd that the thickness of the base cor-
responds to the optimum for cellular reproduction, and the
levels of YFP in the wild type that extend deeper than oxygen
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indicate that cells are at least meeting their maintenance re-
quirement at these depths. Thus, the depth at which oxygen is no
longer detectable cannot simply be that at which growth ceases
but instead should be considered as the site of a transition in
metabolic activity. Using our wild-type model (calibrated by
oxygen proﬁles) we solve for the depth at which phenazines are
no longer able to support basic maintenance requirements and
we predict that this depth should be 103.7 μm for 21% external
oxygen. This prediction compares well with the measured YFP
depth of 99.1 ± 15.0 (20). This analysis supports our treatment of
metabolic switching and the value for s and provides another
avenue for model calibration using the YFP signals.
Thus, experimental data from reference (20) allowed us to
calibrate oxygen and phenazine parameters. Base oxygen proﬁles
veriﬁed the simulated oxygen proﬁle for both wild-type and Δphz
colonies. The maximum YFP depth veriﬁed the wild-type
phenazine proﬁle given that we interpret this depth to corre-
spond to the point at which oxidized phenazine concentrations
can no longer support the basic maintenance requirement of the
cells. Our free parameter of the phenazine model (compared to
xfac for oxygen) is the exponent for oxygen, α, in the phenazine
oxidation rate equation. We ﬁnd that for α = 1 our model
matches the oxygen proﬁles and the depth at which oxidized
phenazines are negligible compares well to the maximum depth
at which YFP is detectable.
For situations where we do not have the appropriate experi-
mental setup to directly measure oxygen proﬁles in Δphz (40% or
15% external oxygen) we used total base thickness or the YFP
depth, both proxies for the depth at which oxygen is no longer
detectable, to calibrate the modeled oxygen proﬁles. The mini-
mum base thickness in 40% oxygen is 98.2 μm, the maximum is
169.8 μm, and the mean is 138.8 ± 27.2 μm where the error
represents the standard deviation.
For all the base calculations, we ﬁnd solutions of the Δphz and
wild-type models in one dimension in which we enforce a no-ﬂux
boundary condition at the agar and hold the surface of the base
to atmospheric oxygen concentrations. (For the Δphz model, no-
ﬂux boundary conditions are imposed for phenazines at all sur-
faces.) This is equivalent to a base extending inﬁnitely in all di-
rections and is a good approximation for the base region
between wrinkles, as the wrinkles do not alter the chemical
concentrations in the base region beyond a distance of roughly
40 μm (Fig. S3). The optimal base thickness may be found by
observing the saturation in the total growth R as a function of
base thickness.
Predictions for Geometry in Δphz Colonies Grown in 15%
External Oxygen
In the main text, we provide our predictions for the wrinkle widths
of Δphz grown in 21% and 40% external oxygen. Fig. S4 gives
our predictions for wrinkles grown in 15% oxygen. We ﬁnd that
in this condition, wrinkles are narrower compared with 21%
external oxygen conditions. Our results show that wrinkles will
respond to external oxygen by becoming thicker in elevated
(40%) oxygen conditions and narrower in lower oxygen con-
ditions (15%). The reduced oxygen conditions are important
for understanding the response of the bioﬁlm to common hyp-
oxic environments.
Predictions for Geometry in Wild-Type Colonies Grown in
21% External Oxygen
Fig. 3D in the main text provides our predictions for the optimal
width of wrinkles in the wild-type bioﬁlm. These were found
using Eqs. S17–S24. In our analysis of the Δphz system, we found
that optimizing growth for a 1D plate of different thicknesses
gave approximately the same predicted width as the full 2D so-
lution within the wrinkle geometry. This 1D setup is equivalent
to an inﬁnitely tall ridge with both sides held to atmospheric
oxygen concentration. We found a simple scaling factor, of
roughly 1.1, relating the 1D prediction to the full 2D prediction.
For the wild-type predictions, we solve Eqs. S17–S24 in one di-
mension and multiply by this same scaling factor.
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Fig. S1. All the measured oxygen proﬁles for the base region (A) and wrinkles (B) of Δphz colonies grown in 21% external oxygen. Note that the wide range
of wrinkle proﬁle decay rates, as well as the occasional increase in oxygen with increasing depth, is a result of the thin geometry of the wrinkle and the
resulting experimental challenge of keeping the oxygen probe centered in the wrinkle as it moves deeper into the colony. Data from ref. 20.
Fig. S2. All the measured oxygen proﬁles for the base region of wild-type colonies grown in 40% oxygen. Data from ref. 20.
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Fig. S3. The modeled internal availability of oxygen (A) along with the spatial distribution of growth rate (B) within a bioﬁlm for features of different sizes.
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Fig. S4. The average width (points) of Δphz colony wrinkles grown in 15% external oxygen as a function of time. The solid line represents our predictions for
optimal wrinkle width, and the dashed lines are our predictions for the bounds of variation in wrinkle width. The data were published previously in ref. 20.
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Table S1. Reported values for key biological and physical parameters
Parameter (symbol) Value Ref.
Half-saturation constant (kO2 ), mol O2·m
−3 0.0124 (19)
0.0078 (22)
0.0014 (23)
0.0125 (24)
0.0369 (24)
Maximum growth rate (μmax), s−1 2.27 × 10−4 (19)
1.11 × 10−4 (25)
7.89 × 10−5 (26)
2.78 × 10−5 (26)
6.11 × 10−5 (23)
5.28 × 10−5 (24)
8.89 × 10−5 (24)
2.22 × 10−4 (5)
Yield coefﬁcient for O2 (YO2 ), g cells·mol O
−1
2 20.80 (23)
27.20 (5)
20.32 (24)
Maintenance coefﬁcient for O2 (PO2 ), mol O2·g cells
−1·s−1 1.22 × 10−7 (24)
Maintenance coefﬁcient for phenazines (Pphz), mol Phzo·g cells
−1·s−1 5.03 × 10−7 (19)
Oxidation rate for phenazines by O2 (kR), mol
−2·m−3·s−1 0.16 (21)
Diffusivity for O2 in the colony (DO2 ), m
2·s−1 1.76 × 10−9 (22)
1.53 × 10−9 (5)
Bioﬁlm cell density (a), g cells·m−3 12,000 (5)
Critical value of oxygen (s), mol O2·m
−3 0.0087 (19)
Bold text indicates situations in which we used a value calculated here rather than the average of the
published values.
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